A new, computationally efficient Monte Carlo approach has been developed to estimate the ring-closure properties of short, realistically modeled DNA chains. The double helix is treated at the level of base-pair steps using an elastic potential that accounts for the sequencedependent variability in the intrinsic structure and elastic moduli of the base-pair steps, including the known coupling of conformational variables. Rather than using traditional Metropolis-Monte Carlo techniques to generate representative configurations, a Gaussian sampling method is introduced to construct three-dimensional structures from linear combinations of the rigid-body parameters defining the relative orientation and displacement of successive base pairs. The computation of the J factor, the well-known ratio of the equilibrium constants for cyclization vs bimolecular association of a linear molecule, takes into account restrictions on the displacement and directions of the base pairs joined in ring closure, including the probability that the end-toend vector is null and the terminal base pairs coincide. The increased sample sizes needed to assess the likelihood that very short chains satisfy these criteria are attained using the Alexandrowicz half-chain sampling enhancement technique in combination with selective linkage of the two-half-chain segments. The method is used to investigate the cyclization properties of arbitrary-length DNA with greatly enhanced sampling sizes, i.e., O(10 14 ) configurations, and to estimate J factors lower than 0.1 pM with high accuracy. The methodology has been checked against classic theoretical predictions of the cyclization properties of an ideal, inextensible, naturally straight, DNA elastic rod and then applied to investigate the extent to which one can account for the unexpectedly large J factors of short DNA chains without the need to invoke significant distortions of double helical structure. Several well-known structural features of DNAs including the presence of intrinsic curvature, roll-twist coupling, or enhanced pyrimidine-purine deformabilitysbring the computed J factors in line with the observed data. Moreover, periodically distributed roll-twist coupling reduces the magnitude of oscillations in J, seen in plots of J vs chain length, to the extent found experimentally.
Introduction
The representation of chain molecules with ends confined to a fixed separation and orientation is a long standing problem in polymer physical chemistry that can be attacked from several points of view. In one approach the configurations of unconstrained linear molecules which meet preassigned geometric criteria, e.g., the distance and relative orientation of chain ends, are collected through exhaustive simulation studies. 1 This method has been used extensively in analyses of the kinetics of chain cyclization, i.e., ring closure, [2] [3] [4] [5] [6] and the formation of closed loops. [7] [8] [9] An alternative approach to the ring-closure problem is to derive an analytical expression for the configurational partition function of a simplified polymer, such as a freely jointed (Gaussian) chain or a freely rotating (wormlike) chain, that satisfies the requisite end conditions. [10] [11] [12] [13] Such theories have provided important insights into experimental findings and serve as valuable benchmarks for simulations of the cyclization propensities of polymer chains with similar molecular properties.
The probability of polymer ring closure is typically described in terms of the Jacobson-Stockmayer J factor, or cyclization constant, defined as the ratio of the equilibrium constants for cyclization and bimolecular association of a linear molecule. 10 If the chain is sufficiently long and exhibits ideal Gaussian (random-coil) behavior, the J factor decreases with chain length N as N -3/2 . 10 At short chain lengths near the rigid-rod limit, where there is very little variation in the overall molecular structure, the likelihood of ring closure drops off sharply with a decrease in N. Thus the J factor exhibits a maximum at intermediate chain lengths comparable to 2-3 times the persistence length. 12, 14, 15 The unexpected, spontaneous cyclization of DNA molecules much shorter than the persistence length 16, 17 has renewed interest in ring-closure measurements and the intrinsic structure and deformability of double helical DNA. DNA chain segments less than 100 bp in length are cyclized up to 5 orders of magnitude more efficiently than expected from theoretical predictions based on the conventional representation of DNA as an ideal, inextensible, naturally straight elastic rod, i.e., helical wormlike chain model with a persistence length of ∼500 Å. 15 New theories account for these discrepancies in terms of the spontanous melting of isolated base pairs, 18 the presence of occasional sharp kinks in the chain backbone, 19, 20 and/or the reduction of the torsional modulus. 17 The published models, however, do not consider the unique sequence-dependent structural features of the short minicircles and the possibility that the wide range of J factors which have been reported 6, 16, 17, 20 may be a natural consequence of the differences in intrinsic structure and deformability of the selected sequences. For example, the DNA molecules found to close most easily into tight minicircles contain a well-known nucleosome-positioning sequence 21 with periodically repeating chemical features. This sequence includes two notable patterns: (i) TA base-pair steps, which recur at increments of ∼10 bp, i.e., roughly a complete double helical turn, and (ii) AT-containing dimers (AA, TA, or TT), which alternate at half helical turns with GC base-pair steps. The TA steps are among the most easily deformed of all base-pair steps, 22 and the separation of tracts of AA and TT dimers by GC-rich steps is implicated in DNA intrinsic curvature. 23 Furthermore, complementary base pairs remain intact even in the most severely deformed proteinmediated DNA bends, such as the ∼80 bp wrapped a complete superhelical turn around the histone proteins in the nucleosome core particle, 24 and even the very sharpest (40-50°) known protein-induced DNA bends 25, 26 are typically smaller than the (∼90°) values posited to account for the cyclization tendencies of short chains.
The occurrence of small rings thus presents new technical challenges to the simulation of DNA ring closure. It is difficult to accumulate a meaningful sample of closed configurations from the random sampling of a relatively stiff, naturally straight molecule. The approximation of DNA as an ideal elastic rod has only limited success in predicting the behavior of the molecule in the short-length regime, where configurational fluctuations do not result in the ends having sufficiently random alignment for the persistence length to account entirely for the cyclization efficiency. This is despite the fact that most mixed-sequence DNA is expected to have only negligible intrinsic curvature, and hence a naturally straight model would be considered appropriate. Some sequences, such as those containing certain motifs beginning with four to six adenines (A-tracts), however, possess significant intrinsic curvature that is known to facilitate ring closure. 12, 27 Here we present the details of a new computationally efficient technique to estimate the J factors of short, realistically modeled DNA chains. We treat the double helix at the level of base-pair steps, i.e., dimers, making use of an elastic potential which governs the fluctuations in the relative orientation and displacement of successive base pairs from their intrinsic values. We account for sequence-dependent variability in both the intrinsic structure and the elastic moduli of the base-pair steps, including the known coupling of conformational variables and anisotropy of bending. In place of conventional Metropolis-Monte Carlo methods 28 for sampling configurations of constrained molecules, we utilize the quadratic form of the DNA elastic energy and sample unconstrained configurations using a standard Gaussian random number generator. We increase sample size considerably by combining the Alexandrowicz half-chain sampling enhancement technique, 29 with a novel method of selectively linking the pairs of half-chain segments that are likely to satisfy the end-to-end ring-closure criteria. The method can be used to estimate J factors lower than 0.1 pM with high accuracy and hence is suited for the investigation of short DNA molecules. DNA polymers with different degrees of intrinsic curvature and different patterns of dimeric flexibility are investigated with the new technique. After checking the methodology against classic theoretical predictions of the cyclization properties of an ideal, elastic DNA rod, we use the approach to investigate the extent to which one can account for the observed ring-closure properties of short chains without the need to invoke significant distortions of double helical structure. We consider the effects of intrinsic curvature, anisotropic bending, roll-twist coupling, and enhanced pyrimidine-purine deformability and compare the computed J factors against values found experimentally for DNA chains of the same length and chemical content.
Methods

DNA Model.
We make use of a dimeric representation of DNA which incorporates the known effects of base sequence on the intrinsic structure and deformability of the constituent dinucleotide steps. 22 The rest state of each dimer is described by six independent step parameters which specify the preferred orientation and displacement of neighboring base-pair planessthree angular variables termed tilt, roll, and twist and three variables called shift, slide, and rise with dimensions of distance. 30 The configuration of a base-pair step is denoted by the vector Θ, with components θ i (i ) 1...6) corresponding respectively to the instantaneous values of tilt, roll, twist, shift, slide, and rise at the given step.
We use an elastic potential to describe the fluctuations in structure at each base-pair step. The potential is parametrized in terms of the differences between the values of the basepair step parameters for the assumed geometry of the step and the intrinsic base-pair step parameter values assigned to the minimum-energy state of the step. Coupling is incorporated in the model through off-diagonal terms in the energy expression (see below).
Defining Θ 0 as the vector containing the intrinsic basepair step parameters, the potential of a single XZ base-pair step of the DNA is expressed by the double summation:
Here the f ij are elements of the symmetric 6 × 6 elastic force constant matrix F, which contains the noncoupled elastic constants along its diagonal and the coupled terms in its offdiagonal elements. The θ i 0 are the step parameters of the minimum-energy reference state stored in Θ 0 and the θ i are the corresponding values of the instantaneous configurational state stored in the vector Θ. Hence, a set of intrinsic basepair step parameters Θ 0 and an elastic constant matrix F are sufficient to monitor the fluctuations of a single base-pair step. The configuration of a DNA chain segment depends on the choice of parameters at each of the N base-pair steps, and the total energy U is a sum of the energies over all steps:
Configurational Sampling. The sampled configurations are chosen to satisfy a Boltzmann distribution. Here, rather than using traditional Metropolis-Monte Carlo sampling techniques 28 to generate representative configurations, we take advantage of the quadratic form for the energy of DNA in eq 1 and the consequent simplification of the configurational partition function as a product of Boltzmann terms for individual base-pair steps. Hence, the probability that a base-pair step will adopt configuration Θ is proportional to the Boltzmann factor of the dimer deformation energy where ) 1/k B T, k B is the Boltzmann constant, and T is the absolute temperature. Here, for simplicity, we omit indices that denote the sequential location n and chemical identity XZ of the base-pair step.
To express the probability density function as a product of independent terms, we write the dimeric energy Ψ in matrix form, i.e., Ψ ) 1/2∆Θ T F∆Θ, diagonalize the forceconstant matrix F, and rewrite the energy in terms of a diagonal matrix D and a basis variable Ω, with elements ω i (i ) 1...6) given by linear combinations of the base-pair step parameters:
Here Q is the eigenvector matrix specifying the directions of the principal axes of deformation. The superscript T is used to denote the transpose of a matrix or vector.
Elimination of the cross terms in the energy expression allows us to write the probability density function for a single base-pair step, including normalization, as a product of Gaussians:
To sample this function, we modify a standard Gaussian random number generator 31 and collect a Boltzmann distribution of dimeric states without the necessity of using the Metropolis method. This approach, which we term Gaussian sampling, is superior to the Metropolis method in that it is computationally more efficient and does not suffer from correlations between sample points or incomplete coverage of phase space.
Calculation of the J Factor. To monitor the closure of a DNA chain of N base pairs, we add a virtual (N+1)th base pair (of the same type as the first base pair) and consider the DNA to be closed when the (N+1)th base pair coincides with the first base pair (see Figure 1) . Following Flory et al., 32 we express the J factor as a product of probabilities which describe the contribution of the spatial configuration The end-to-end vector r (thick dashed arrow) joins the first base pair to a hypothetical (green) base pair N+1, which coincides with the first base pair in a perfectly closed chain. The net bending angle γ (lower left image) is defined by the normals n 1 and n N+1 of base pairs 1 and N+1 (thick solid arrows) and the end-to-end twist φ (lower right image) by the long axes and normals of the same base pairs.
to the cyclization equilibrium constant:
Here W(r ) 0) is the probability that the configuration is closed, i.e., the end-to-end vector r, which connects the first and (N+1)th base pairs of the DNA, is zero. The factor Γ r (cos γ ) 1) is the conditional probability that the normals of terminal base pairs are aligned when the chain ends coincide, i.e., the cosine of the net bending angle is unity (cos γ )1) when the end-to-end separation r ) |r| is zero (r ) 0). The term Φ r,cosγ (φ ) 0) is the conditional probability that the first and last, i.e., (N+1)th, base pairs coincide, i.e., the end-to-end twist φ is zero when both r ) 0 and terminal base pairs are coplanar (cos γ ) 1). The quotient N A /4π, where N A is Avogadro's number, is the normalization constant associated with the uniformly distributed probability density of bimolecular association For a DNA configuration specified by the angular parameters Θ n , n ) 1...N, we calculate the end-to-end vector and orientation angles from the serial product of 4 × 4 generator matrices A n that incorporate the 3 × 1 displacement vector r n and the 3 × 3 transformation matrix T n,n+1 , which relates coordinate frames on successive base pairs (n, n+1):
The dependence of T n,n+1 and r n on Θ n follows the formulation introduced by Zhurkin et al. 33 and subsequently developed by El Hassan and Calladine, 34 in which the angular step parameters are defined in terms of a sequence of symmetric Euler rotations and the translational components are expressed in the "middle" base-pair frame corresponding to the axis positions generated by half the rotational operation that brings adjacent base-pair frames into coincidence. See the literature [33] [34] [35] for further details.
The end-to-end vector r ) r 1:N is accumulated in the far right column of A 1:N :
Here I 3 is the identity matrix of order three, and the 0's are null matrices of orders necessary to fill the 3 × 4 premultiplication and 4 × 1 postmultiplication vectors.
The cosine of the angle between the normals of terminal base pairs is the (3,3) element of A 1:N :
The end condition imposed on the twisting of terminal base pairs is extracted from the trace of the end-to-end transformation matrix T 1:N+1 accumulated in A 1:N .
Sampling Criteria. Because there is negligible likelihood that all three constraints on base-pair juxtaposition and orientation will be met exactly in numerical calculations, we relax the end conditions and consider as closed those configurations which meet the following criteria: (i) the length of the end-to-end vector r is less than r ; (ii) the cosine of the angle γ between the normals of terminal base pairs is larger than 1 -ν ; and (iii) the magnitude of the end-to-end twist φ is less than τ . Each generated configurational state is checked against these criteria, and each satisfaction is recorded. The probability densities are obtained as Bernoulli trials maximum-likelihood estimates, with each probability normalized by the volume of the enclosed phase space (see below).
The radial probability density W(r ) 0) is calculated as the number of configurations M r obeying criterion (i), normalized by the sample size M and the phase space volume given as 4/3 πr 3 . The contribution Γ r (cosγ ) 1) from the alignment of normals is calculated as the number of configurations M r,cosγ for which both criteria (i) and (ii) hold, normalized by M r and the phase space volume ν . Finally, the twist alignment density Φ r,cosγ (φ ) 0) is calculated as the number of configurations M r,cosγ,τ satisfying all three criteria, normalized by M r,cosγ and its phase space 2τ . The estimated J factor, obtained by substitution of these values in eq 6, is thus given by
The standard deviation of this estimate, assuming sampled configurations are uncorrelated, is given by When M r,cosγ,τ is much smaller than M, as is the case for closure probability calculations, the relative error is given by the approximate formula σ/J = (M r,cosγ,τ )
. Because the half-chain sampling method (see below) introduces slight correlation between sampled configurations, the true relative error (estimated as the standard deviation of multiple runs) is about 2.4 times larger than σ/J. Thus, the relative error is significant if M r,cosγ,τ is less than 100. For reported values of J greater than 0.1 pM, i.e., log J > -13, the relative error is consistently below 10% (around 3% whenever feasible). The largest relative error occurs for smaller J factors (below 0.1 pM); data shown in this molar range are generally obtained with less accuracy, with as much as 32% relative error when the ends of short, naturally straight chains are out of phase, e.g., 10 accepted configurations for a 90 bp ideal, elastic B-DNA chain.
Sampling Enhancement. It is computationally expensive to generate ensembles of more than O(10 7 ) configurations. Since DNA segments shorter than the persistence length are stiff and the probability that a randomly generated configuration satisfies all three ring-closure criteria is very small, the computed J factors are subject to large error if straightforward sampling approaches are used. Therefore, for such segments we use a sampling enhancement technique intro-
duced by Alexandrowicz 29 and subsequently applied by Levene and Crothers 4 in Monte Carlo simulations of DNA ring closure. Rather than generate the configurations of the entire DNA with N base pairs, we divide the chain into two equal (or nearly equal) pieces and sample L configurations of each half-chain segment separately. By taking all pairwise combinations of both halves we can theoretically achieve L 2 configurations of the full-length chain. It should be noted that, even though the configurations of half-chain segments are uncorrelated, the multiplicative combination of a finite number of states introduces some bias in the full-chain ensemble.
If we let m be a base pair close to the midpoint of the chain, the end-to-end matrix A 1:N can be factored into two submatrices containing the structural details of the two-halfsegments of the molecule:
Elements of these two submatrices are stored during the simulation and multiplied when half-segments combine successfully to form a closed, full-length chain. It follows from eq 13 and the definition of A n in eq 7 that the end-toend vector can similarly be divided into two vectors that connect the chain ends via a central base pair.
The requirement of ring closure, i.e., r 1:N ) 0, imposes a constraint on the vectors in the two halves of the DNA, namely
To reduce the number of unnecessary half-chain combinations, we join only those pairs of segments that are likely to satisfy the end-to-end ring-closure criterion. The current algorithm keeps track of the values of -T 1:m -1 r 1:m for the first half-segments and r m:N for the second half-segments and combines only those for which eq 15 is approximately satisfied. This is implemented as follows: the threedimensional Cartesian space of r is divided into cubes of volume V. As first and second half-configurations are being sampled we record cubes in which those configurations terminate in the sense that the values of -T 1:m -1 r 1:m and r m:N fall within the cube boundaries. Then, for each cube we combine all first half-configurations terminating in that cube with all second half-segments terminating in this same (primary) cube. We also combine those first half-configurations with the second half-segments terminating in all cubes that are less than r away from any point in the primary cube, where r is the radius of the sphere used to approximate the radial probability density W(r ) 0). First and second halfsegments terminating in cubes that are farther than r apart need not be combined because they cannot satisfy the initial closure criterion, i.e., r ) 0.
This method discards the majority of possible configurational combinations, especially when sampling chain segments with a very low J factor. Thus, the total sample size can be, effectively, as large as 10 14 , when necessary, to achieve a good estimate of the contribution of the conditional twist probability density Φ r,cosγ (φ ) 0). The latter quantity 6 which unfortunately are not applicable to the present study of sequence-dependent effects, has not been considered in previous Monte Carlo simulations of DNA ring closure. Published estimates of the J factors obtained from Brownian dynamics simulations have also omitted the contribution of terminal base-pair overlap to the likelihood of chain closure. 36 The calculations were performed on a single 2.1 Ghz AMD Athlon(tm) processor with 2 gigabytes of available RAM. Numerical estimation of the J factor of a single molecule takes 1-10 CPU h depending upon DNA chain length and intrinsic structure. Simulations are longest for short, naturally straight chains where there is the least variation in overall molecular structure.
Results and Discussion
Intrinsically Straight DNA. We used the Gaussian sampling method in combination with the improved half-chain generation technique to investigate the cyclization probabilities of various models of double helical DNA. We tested the computational approach by first determining the ring-closure properties of an ideal, inextensible, naturally straight DNA molecule over the entire range of chain lengths between 90 and 450 bp. We chose a minimum-energy rest state with an intrinsic helical repeat of 10.5 bp/turn (∼34.3°twist at every base-pair step) and a pitch of 35.7 Å (3.4 Å rise at every base-pair step). All other step parameters were equated to zero.
In this simple ideal model, analogous to the ShimadaYamakawa twisted wormlike chain representation of DNA 15 (where the molecule is naturally straight, inextensible, subject to isotropic bending, and able to undergo independent fluctuations in twist), we allow deformations in tilt, roll, and twist (θ 1 , θ 2 , θ 3 ) but fix the translational parameters shift, slide, and rise (θ 4 and the fluorescence depolarization anisotropy of ethidium bromide molecules intercalated in DNA minicircles. 38 To estimate J, we set a radial bound r of 30 Å on the sphere used to monitor the end-to-end vector of the fulllength chain, a limit of 30°or less on the angle between the normals of the first and last base pairs (cosγ > 3/2), and a restriction on the magnitude of the end-to-end twist τ to values less than 30°. The same values are adopted in all subsequent simulations unless otherwise noted. As is clear from Table 1 , the computed J factors are generally insensitive to the magnitude of the selected bounds. More restrictive bounds, however, lead to smaller numbers of acceptable configurations and hence to larger errors. 
As is clear from Figure 2 , the computed dependence of J on DNA chain length mimics the predictions of the ShimadaYamakawa theory, 15 showing a close fit with the observed cyclization efficiencies of chains of 240 bp or more [39] [40] [41] [42] and accounts satisfactorily for the reported ring-closure tendencies of other short (105-130 bp) DNA sequences. 20 The model, like the Shimada-Yamakawa theory, underestimates J by up to 3 orders of magnitude for some very short (89-105 bp) chains. 16, 17 These discrepancies have prompted our extension of the calculations to more realistic models of DNA with concomitant analysis of the effects of chemical features on cyclization properties as described below.
Influence of Natural Curvature. Individual base-pair steps adopt characteristic spatial forms and show different deformational tendencies in high-resolution DNA structures. 22 These local turns and twists, if appropriately concatenated and then repeated in phase with the double helical repeat, can introduce a natural "static" curvature or superhelicity in the DNA. 27, 43, 44 Indeed, it is rare to find segments of intrinsically straight DNA, 45 particularly in fragments as short as those employed in recent DNA ring-closure measurements. 16, 17, 20 Here we study an idealized, naturally curved DNA made up of two types of base-pair steps arranged in such a way that a molecule of 150 bp forms a stress-free, nearly circular configuration, or O-ring. 35 Half of the steps in the 10 bp repeating sequences are intrinsically straight (θ 1 0 ) θ 2 0 ) 0) with twist (θ 3 0 ) 36°) corresponding to a 10 bp/turn helical repeat. The remaining steps have a different rest state with a positive roll angle (θ 2 0 ) 7.41°) and an intrinsic twist (θ 3 0 ) 35.57°) slightly lower than that of the preceding steps. The elastic properties at all steps, however, mimic those of an ideal DNA rod, i.e., the force constants are the same as those applied above in the simulation of naturally straight DNA. The sequence is constructed such that the first five steps assume the ideal B-DNA rest state and the last five steps adopt the perturbed rest state, i.e., an X 5 Z 5 repeating pattern with XX and XZ dimer steps assigned the ideal B-DNA step parameters and ZZ and ZX steps assigned the set of modified parameters. As above, the intrinsic shift and slide are fixed at 0 Å, the rise at 3.4 Å, and the tilt at 0°at all base-pair steps.
Not surprisingly, the computed J factors of chain segments of the 150 bp O-ring are many orders of magnitude greater than those of a naturally straight molecule with the same elastic properties, chain length, and double helical repeat (compare the results reported in Figure 3 for naturally curved molecules of 90-210 bp and ideal, straight DNA chains of the same chain length and with the same 10 bp helical repeat). The enhancement in J is greatest for curved segments containing an integral number of helical turns. The ends of such chains readily meet in perfect register for successful ring closure. Interestingly, the chain segment which closes most easily into a circle is somewhat shorter than the perfect O-ring (130 vs 150 bp), reflecting the effects of thermal fluctuations on the configuration of DNA. Moreover, the cyclization probabilty maximum at 130 bp and the accompanying enhancement of the J factor compared to that of ideal, naturally straight DNA, i.e., log [J/J 0 ] ) 7.48, where J 0 is the Jacobson-Stockmayer factor of the latter model, agree remarkably well with values predicted for a naturally curved DNA with the same ratio of intrinsic curvature and persistence length. 12 Finally, although the curvature enhances the likelihood of DNA ring closure, the greater amplitude of the sawtooth oscillations in log J with N in the naturally curved DNA compared to those of a naturally straight model is counter to the observed changes in J at short chain lengths, where the amplitude is lower than that expected for a naturally straight DNA. 17 The computed variation of log J vs N in Figure 3 , however, is exaggerated by the lower radial bound imposed on the curved DNA sequences (r ) 10 Å) compared to that imposed on the straight chain (r ) 30 Å). 40, 41 and filled blue diamonds (EcoRI (E)-ended constructs). 42 The curve is made up of a series of line segments connecting the computed J factors of molecules that differ in chain length by one base pair. Table 2 reports the J factors for a series of short (95, 100, 105 bp) DNA molecules of different intrinsic curvature, all with a 10.5 bp helical repeat and all determined with the same radial bound (r ) 30 Å). The chains are constructed, as described above, from two types of basepair steps: one with θ 2 0 ) 0°and θ 3 0 ) 34.3°and the other with nonzero values of intrinsic roll and slightly reduced dimeric twist (see the legend to the table). Only a small intrinsic roll in the latter steps (θ 2 0 ≈ 2°) is required to bring the computed J factors in line with those reported for very short nucleosome-positioning sequences, e.g., J obs ) 6.39 × 10 -10 M at N ) 95 bp and 1.66 × 10 -9 M at N ) 105 bp. 16, 17 The computed oscillation in the J factor between 95 and 105 bp, however, is still greater than that observed experimentally (J obs ) 4.57 × 10 -11 M at N ) 100 bp).
Phased Bending Anisotropy. Compared to the ideal isotropic rod model, in which the double helix is assumed to be equally likely to bend in all directions, the bending of real DNA is anisotropic, with deformability in the direction of the major and minor grooves typically exceeding that across the grooves. In other words, the variation in roll is generally greater than that in tilt. 22, 33 To assess the effects of anisotropic bending on ring closure, we consider a naturally straight, inextensible DNA model in which roughly half of the base-pair steps are assigned the bending properties of an ideal, isotropic rod, and the remainder are subject to preferential bending via roll. The force constants of the former steps are the same as those employed above (f 11 ) f 22 ) 4.84 -2 ), while those of the latter steps (f 11 ≈ 0 -2 and f 22 ) 6.84 -2 ) are assigned so that the flexibility in roll exceeds that in tilt to such an extent, that fluctuations via tilt are prevented. This deformational pattern, which preserves the ∼500 Å persistence length of DNA, 46 corresponds to Schellman's classic "hinge" model of DNA bending. 47 The fluctuations in twist are governed at all steps by the same elastic constant used above, i.e., f 33 ) 4.09
. A 21-bp repeating sequence is employed to preserve the assumed 10.5 bp helical repeat, i.e., (X 5 Z 5 X 5 Z 6 ) n , where the XX and XZ steps bend isotropically and the ZZ and ZX steps exhibit hinge bending. Other step parameters are assigned the intrinsic values listed above.
Surprisingly, the DNA modeled with phased anisotropic bending is stiffer than an ideal DNA elastic rod in terms of Figure 3 . Predicted effects of intrinsic curvature on the J factors of DNA chains of 60-180 bp (thick solid curve). The intrinsically curved DNA is made up of two types of base-pair steps, each subject to isotropic bending and arranged such that a molecule of 150 bp forms a stress-free, nearly circular configuration (O-ring). 35 The corresponding variation of log J vs N for an ideal DNA with the same assumed helical repeat (10 bp per turn) is shown as the thin solid line. its ring-closure propensities, even though its closed configuration has lower elastic energy. The computed J factors are as much as an order of magnitude lower than those of an ideal rod with the same helical repeat for particular chain lengths in the range 94-119 bp (Figure 4) . While the bending anisotropy may enhance deformations into the grooves, the local restrictions on bending across the grooves seemingly contribute to more effective cyclization. A possible reason for these observations may be that, whereas cyclized, ideal DNA is free to rotate about its helical axis, the corresponding global torsional motion of a covalently closed DNA subject to anisotropic bending is hindered by an energy barrier. That is to say, the ideal DNA molecule can "turn inside-out" and thereby cyclize with a bend in any direction with respect to the first base pair, whereas the hinged DNA chain is restricted to global bending in a single plane.
Roll-Twist Coupling. The localized twisting of DNA is strongly correlated with its bending. 48 The unwinding of the double helix (via decrease in twist) is generally accompanied by increased roll, i.e., local bending into the major groove, and the overwinding of the duplex (via increase in twist) is usually accompanied by decreased roll, i.e., local bending into the minor groove. Furthermore, the degree of twist-roll coupling is sequence-dependent, being generally most pronounced for pyrimidine-purine dimers and weakest for purine-pyrimidine steps. 22, 48 Here we explore the effects of roll-twist coupling in an otherwise ideal model of B DNA, i.e., the chain is inextensible and naturally straight with a 10.5 bp helical repeat and the bending of successive base pairs is isotropic in the sense that f 11 ) f 22 . The base-pair steps are subdivided into two categories and grouped, as above, into repeating (X 5 Z 5 X 5 Z 6 ) n conformational blocks. The bending is independent of twisting in five successive (XX and XZ) base-pair steps, but roll is coupled to twist in the next five or six (ZZ and ZX) steps. The sign and magnitude of the twist-roll coupling modulus, f 23 ) f 32 ) 5.41 -2 , are compatible with the interdependence of base-pair step parameters seen in highresolution structures, 22 i.e., the increase in roll will tend to lower twist and vice versa. Other elastic constants are held at canonical B-DNA values (f 11 ) f 22 ) 4.84
). The translational parameters and tilt are assigned the standard intrinsic values listed above.
Remarkably the introduction of roll-twist coupling into an otherwise ideal DNA chain increases the J factor and concomitantly reduces the amplitude of oscillations in log J with N ( Figure 5 ). The computed variation in J with chain length closely matches the measured J factors of the "random" E8 sequences used as a control in the ring-closure studies of Cloutier and Widom 16, 17 (open symbols in Figure 5 ). The overall base-pair composition of the latter sequences is similar to that of the more easily cyclized "601" nucleosome-binding sequences (filled symbols in Figure 5 ), i.e., both sequence families are slightly GC-rich with 2-3 more pyrimidine-purine (YR) steps than random expectation, but there are distinct differences in the chemical content and distribution of the YR steps. Specifically, there is a greater proportion of TA dimers than CA‚TG steps in the nucleosome-positioning sequences compared to the control sequences and the TA steps in the positioning sequence are spaced ∼10 bp apart, in nearly perfect phase with the helical repeat. Notably, the energy required for melting the TA step, i.e., the TA‚TA duplex fragment, is less than that of the CA‚ TG step, 49, 50 suggesting that conformational deformations of the TA are more facile and could dominate the motions of the double helix.
The natural changes in local twist, which accompany fluctuations in roll, clearly make it unnecessary to postulate 17 that the DNA which forms small rings is more easily twisted than the classic ideal elastic rod. The build-up of roll, which is required to bring the ends of the DNA in contact, automatically enhances the degree of twisting in the model. See ref 51 for a related discussion showing that the observable, effective twisting resistance of a closed DNA ring with the same pattern of roll-twist coupling is close to zero. 51 Phased Deformability. Large protein-induced bends of DNA occur predominantly at pyrimidine-purine steps, 25, 26 the dimers expected to be most easily bent on the basis of steric clash arguments 52 and potential energy calculations. 53, 54 The enhanced deformabilty of such dimers contributes to the global plasticity of DNA without significant disruption of the double helical structure.
To test whether the regular spacing of flexible TA steps may enhance the ring closure of short nucleosome-positioning sequences, we constructed a hypothetical, naturally straight DNA model (with the same 10.5 bp helical repeat and elastic properties as ideal B-DNA) interspersed every 10 bp by a dimer with twice the RMS fluctuation of tilt and 2 if the most extremely deformed TA steps are omitted, i.e., values that bound the (2 × 9.68 2 ) ) 13.69 2 range of deformations assumed here. Values of intrinsic tilt, shift, slide, and rise are identical to those used in the analysis of naturally straight DNA.
As seen in Figure 6 , the softening of DNA with force constants that are consistent with the deformability of TA steps and their placement in nucleosome-positioning sequences increases the J factor by over 2 orders of magnitude to the range of values found 16, 17 for short chains (filled symbols in the figure) . The added fluctuations, however, do not dampen the oscillations of log J with N to the extent found experimentally. The amplitude of the variation in log J with N for the DNA chains with phased deformability is roughly 90% of that for the ideal DNA elastic rod. Although the imposed pattern of localized flexibility increases the J factor at all chain lengths, the effects are less pronounced at longer chain lengths. The enhancement in J levels off with increase in chain length to a factor ∼2.5 times the value predicted for the ideal B-DNA duplex, the difference reflecting the lower persistence length of the locally softened DNA. The regularly spaced deformations also lower the chain length of maximum ring-closure probability, from a calculated value of 483 bp for the naturally straight DNA to 336 bp for the modified duplex. The cyclization propensities of long DNA multimers with regularly spaced, structural features such as those considered here are thus expected to differ from those of the mixed sequences traditionally used in the physical characterization of DNA.
Concluding Remarks. The present calculations clearly show that, in contrast to earlier suggestions, [17] [18] [19] [20] it is not necessary to invoke significant distortions in the DNA double helix, e.g., melting, kinking, "free" twisting, to bring the computed J factors in line with the enhanced cyclization propensities of molecules much shorter than the persistence length. 16, 17 A number of well-known features of DNA double helical structuresincluding the presence of intrinsic curvature, roll-twist coupling, or enhanced pyrimidine-purine deformabilityscan account for the unexpectedly large J factors of short chains. Moreover, chains with roll-twist coupling dampen the sawtooth oscillations in J with increase in chain length to the extent found experimentally. The internal coupling of dimeric variables also avoids the known detrimental effects of enhanced DNA deformability on nucleosome formation, i.e., the entropic penalty associated with the binding of a flexible sequence. 50 These conclusions could not have been drawn without the improvements in chain sampling introduced herein. Many of the rare "closed" arrangements of DNA captured in the course of these calculations would be missed with conventional Metropolis-Monte Carlo configurational sampling. We enhance the efficiency of finding closed states of DNA through the selective addition of half-chain segments, combining only pairs of half-segments that are known in advance to match the end-to-end spacing of the full-length molecule. The Gaussian sampling technique ensures complete coverage of phase space and does not suffer from the correlations between sample points associated with Metropolis-Monte Carlo approaches. The generation of spatial configurations from random moves along the eigenvectors of the base-pair step parameters allows us to consider the coupling of conformational variables that accounts so well for the mesoscale looping of DNA.
The improved sampling of DNA configurations also provides a valuable guide for the development of theories that use expansion methods to estimate the configurational partition function of a closed ring. The reliable fitting of the highly irregular spatial density distributions of short polymers, including DNA, has long been known to require spatial moments higher than second order. 1, 2, 32, 55 The extent to which approximate partition functions based on series expansions of the Boltzmann factor about the minimum energy configuration match the computed partition function will be reported elsewhere.
Finally, the present calculations omit consideration of the polyanionic character of DNA. Calculations of ring-closure probabilities that include long-range electrostatic interactions between anionic phosphate groups are expected to increase the chain length of maximum ring-closure probability. 
